Analise Matemadtica III — Resolucao dos exercicios do Capitulo 4

O Método da Transformada de Laplace

4.1. Céalculo da Transformada de Laplace

Exercicio 4.1.1
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e portanto, retomando o cdlculo da transformada de Laplace da funcio cos? (at)
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Exercicio 4.1.2.
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veremos mais & frente como terminar a resolucao deste exercicio usando convolucao.
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4.2. Propriedades da Transformada de Laplace

Exercicio 4.2.1.
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Exercicio 4.2.2.
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Exercicio 4.2.3.
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Aplicando a transformada de Laplace inversa temos
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mas pelo exercicio anterior sabemos que
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d) v/ -2y +y=tet y(0)=0,94(0)=0
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Exercicio 4.2.4. Neste exercicio vamos usar que

E{M}—/SJFOOF(u)du, onde F(u)=L{f(t)}

t
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int +oo 1 -, 1
ﬁ Sin — / 5 du = lim / ——  du
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r
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2
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c) 7. Ora
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rle—c | _ / L S
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Exercicio 4.2.5. Neste exercicio vamos usar que

F(s)= LA () = [ (1) = — L7 {F ()}

a) In (21’—2)

R e s Tt

- _ (eat _ efat)

2sinh (at)
t

b) In(1- %)

e fu(-3)) - i e

1 2 1 1
_ L—l{+ +
t S s+a s—a
1
= S (24 +e")
_ 2Coshat—l
t
c) arctg (%)
-1 a | —
L {arctg(f)} = _EE —
5 1+ (%)
1 a
S VL e —
t { 52—|—a2}
_ sin at
N t

1 4.3. Funcao Degrau Unitario de Heaviside

Exercicio 4.3.1.
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a) ¢

S

s

b)

S
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©) &

Ly f e 1 s 1 L T
E m = £ e m = §£ {e ﬁ {Sln (Qt)}}

- %Hg () sin (2t — 6)

d) 875_26725_236735_46745

g2

—5 —92s —3s —4s
1) ¢€ _1)¢€ -1)¢€ -1)¢€
R e e e A e R

— (t— ) Hy(t) = 2(t—2) Hy (1) +2(t — 3) Hy (t) — 4 (¢ — 4) Hy (1

o1 {e_s —2e7%5 42738 — 4e718 }

—3s —3s
e _ e
e) s2—2s—3 (3_1)2_22

s - )

= %E_l {6_3S£ {et sinh 275}}

et~3sinh (2t — 6
= 2( )H3 (t)

Exercicio 4.3.2.

1 0<t<4
" _ ) — — ! = — -
a) y +4y—{ 0 . t>4 y (0) = 3,4’ (0) = —2. Note-se que
1, 0<t<4
e portanto
y"+4dy = Ho (t) — Hy ()
& L{y' +4y} =L{Ho(t) — Hs(t)}
& L{y"}+4L{y} = L{Ho (1)} — L{H4(1)}
9 1 e
& 5Y —35+24+4Y = - —
s s
1 6_48
& (8P+4)Y=-— +3s—2
s
oy - 1 e 48 +35—2
Cs(s24+4) s(s244)  s244
-y 1 et L 382
Cos(s24+4) s(s24+4)  s24+4
1 e s 3s —2
& LYY=, -
v} {s(s2+4) 3(82+4)+82+4}

PSS SRR S GRS D (R WPV D G Gy
v= s(s2+4) s(s2+4) s?2+4 s?2+4

o oy =Ll 1 1 s -t i + 3 cos (2t) — sin (2t)
v= 4s 452+ 4 s(s2+4)
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Ll fIl 1 L
&= y—4£ 3} 4£ {32—1—4} { }—I—3cos(2t) sin (2t)
o yo 1z { 485{1_‘308 (20) }}+3cos(2t)—sm(2t)

4 4
1411 2t 1-— 2t —
:w_[{4(t) cos ( 8)—sin(2t)
4 4
. < m
b) ' +y=1 00 UTITE 50) =34/ (0) = 1 Notese que
0, t>2
cost , 0<t<?Z
(Ho(t)—Hg(t)>cost—{ 0 tzgz

e portanto

Y +y = (Ho (t) — Hz (t)) cost

2

s L{y +yl=L {Ho (t)cost — Hax (1) cost}
e L{y'}+L{y} =L{H (t)cost}—[l{H% (t)cost}
& L{y"V+L{y} = L{Ho(t)cost} — L {H§ (t) sin (t - g)}
& Y —3s+1+Y =L{cost} —e 2°L {sint}
B s e 2% 3s+1
T T @ ) (21 Sl

3

(s*+1)

_ES 1
o y=11 8}—5—1 e 35—1{8}—5—1{ }
Y {(S2+1)2 (32+1)2 + s2+1 241
3

& y= %ﬁ‘l {—;; <321_|_1)} — L {e_ S(Szil)Q} + 3 cos (t) — sin ()

no exercicio 4.2.3.a) vimos que

51{ 1 }:sint_tcost
(s2+1)° 2 2

1 { sint tcost }
— = iz _
(s2+1) 2 2
e portanto

y:lg— {—E{smt}} L~ {_gsﬁ{mt_tcm}}—i—i’)cos(t)—sin(t)

~3° 3s+1
-1 V1 — -1 S _ e 2 _
L { } L 2 (82 + 1)2 82 +1

9 2
tsint S s Ycos(t—T
o y= 812“ ~ Hsx (1) in (¢ 5) - (2 3) cos 2)+3cos(t)—sin(t>
tsint cost+ (t — %) sint
& y=—p +H; () (2 e + 3 cos (¢) — sin (t)
<
c) y/’+y’+7y:{é ) O;iEQ y (0) = 0,9’ (0) = 0. Note-se que

o -mwe={g 7150
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e portanto

mas

onde

Y+ + Ty =tHy (t) — tHo (t)
L{y"+y' +Ty} = L{tHo (t) —tHa ()}
o Ly} +L{y}+7C{y} = L{tHo (t)} — L{tH> (t)}

= 82Y +sY +7Y = —%E {Ho (t)} + %,C {HQ (t)}

d (1 d (e %
2

NY =——| - —
@(s—i—s—i—) ds<s>+ds<s>

1 e 2(1+2s)
2
& (s +5+7)Y:S—2—572

1 e 2% (1 + 2s)

T s2(2+s47) 2(s2+s+7)

o LYy =r! {1)} _ {62(1+28)}

s2(s2+s+7 s2(s24+s+7)

T

1
-1
£ {52(82+S+7)}
1 1 1 s5-—6
Y- 4 - 4 -2 7
{ 493+732+4952+s+7}

Sl I L [ 1 (s hg) - B
s (e e [

14 2s 13 1 1 13s+20
E_l —2s — £—1 —2s [ =% I -
{e 32(52—1-3—1-7)} ‘ 195 72 4952 +s+7

— Hy(t)f(t—2)

13 1 1 13s+20
) = 1 ~2 4y - - 0T A
1 {493 752 4952+s+7}

13 1 1 1 1 135 + 20
T R e T P Pt Gy P il e
49 {s}+7 {32} 49 s24+s+7
13 ¢ 1 135 + 2
£+7‘4f1{:f20n}
(s+3) +%
13 t_1£_1{13(s+§)+227}

BB \Grpieg
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Wi

iy 27}+m {<+; +}>
g

{ ot G

Va)
N

13 t 1 V27 e . [V27
= E-F? 9 (136 2 cos (215) +v/27e" 2 sin <2t>

Retomando a resolucao da equagao diferencial temos que

1 ¢t 1 : V27 13 ¢ V27 13 t—2
o — ez | - —=e2sin | —t | | —Hy(t) [ = + —
49+7+49<6 2cos<2 ) \/ﬁe 25111(2 )) 2()<49+ 7

+419H2( t) (136 2 cos <\/22>7t - \/ﬁ) +/27¢ "7 sin (?t — \/ﬁ))

4.4. Fungao ¢ de Dirac

Exercicio 4.4.1.

a) Y — 4y +4y=35(t—1)+45(t—2), y(0)=1,9(0)=1.

t ¢ ¢

¢

Y — 4y 4y =35(t—1)+6(t—2)

Ly —4y +4y} =L{30(t—1)+ (¢t —2)}
%Y —s—1—4(sY —1)+4Y =3¢ 4 ¢ %
(s —4s—4)Y =3¢ "+ e > +5-3

_ 3e7% n e 2% n s—3

C(5-2)° (s—27° (s—2)7°

~1 1] 3e7 e 28 5—3
Loyy=£L {(3—2)2+(5—2)2+(s—2)2}

ol s " 1y —2s ¢ - w
y=3C"{e L {te}} + L {e*L{te¥}} + L 1{ (s — 2)2 }

y=3(t= D 2HL (1) + (t = 2) " Hy (1) + L7 {8_12} e { (s _12)2 }

y=3(t—1)e®2H, (t) + (t — 2) X4 Hy (t) + €2 — te?

b) o +y=sint+6(t—7), y(0)=0,4(0)=0

y' +y=-sint+5(t—m)
& L{y' +y}=L{sint+0(t—m)}
1
2 —7t
)Y =
=1 (S + ) 2+1+e
1 6—7rt

& Y = +
(s241)%  s2+1
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e ) e

sint tcost

S Yy=—F £ {e7™ L {sint}}
sint tcost .

S Y= " +sin (t —7) Hy (1)
sint tcost

= y:T— 2 —Sln(t)Hﬂ—(t)

)y +2y +y=e"+35(t-3), y(0)=0,9'(0)=3

v +2) +y=e"+30(t—3)
& L{y'+2y +y}=L{e"+35(t—3)}

1
& %Y —3428Y +Y = 4 3738
s+1
1
& (s+1)?%Y = 1+3e*35+3
S
1 —3s 3

o Y= c

(s+1)3 +3(s—|—1)2 * (s—i—l)2

1 P 1 e 38 3
e LY=L {(8+1)3+3(s+1)2+(3—|—1)2}

& y=L {(s+11)3} 3L {6_38(s+11)2} 3L {(s+11)2}

o y=rC" {L {tzzt}} 437 e 3L {te ) + 3L {L {te )}

t2e~t

+3(t—3)e "3Hs(t) + 3te”!

v +y=6@1)+6(t—1)

& L{y+yt=L{o@®)+5Et-1)}
& (s+1)Y=1+4¢€"
< Y_:s—:il-l+ e_s
e L {Y}_ {s—i—l s—i—l}

SRSt A G

& y=e '+ L {eL{e}]
& y=c 4+ TH (1)

e) y'+y=0(—-m—d(t—2m), y(0)=0,y(0)=2

' +y=0(t—m)—5(t—2m)

Ly +yt=L{0@t—7)—0(—2m)}
L{Y}+L{yt=L{st—m)}—L{5(t—2m)}
SPPY —24Y = ™ — 27

9 e~ T8 6—27rs

:S2+1+82+1_82+1

t vt
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—ms —27s
& ﬁ—l{Y}zc—l{ 2 c - }

32+1+52+1_32+1

o yoo L L f e e
y= 2+ 1 2+ 1 s2+1

& y=2sint+ Hy (t)sin(t — m) — Hor (t) sin (t — 2m)
& y=2sint — Hy (t)sint — Hax (t)sin (¢)

4.5. Convolugao

Exercicio 4.5.1.

a) f()=e gt)=e" a#b

at

¢ ¢ e ¢ bt _ gat
fxg= / et ebudy = / et by — P
0 0

=T

b) f(t) =cos(at), g (t)=sin(bt)
fxg = /0 cos (at — au) sin (bu) du
= /0 (cos (at) cos (au) sin (bu) + sin (at) sin® (bu)) du

= cos(at) /0 cos (au) sin (bu) du + sin (at) /0 sin? (bu) du

t . . . tq
— cos (at)/ sin (bu + au) + sin (bu — aw) du + sin (at)/ 1 — cos (2bu) du
0

2 o 2
cos (at) [ cos(bu+au) cos(bu—au)]®  sin(at) sin (2bu)]"
= — _|_ u —
2 a+b a—>b 0 2 2b 0
_ cos(at) [ cos(bt+at) cos(bt—at)  2b N sin (at) . sin (2bt)
B 2 a+b a—>b a? —b? 2 2b

c) f(t)=t, g(t)=sin(t)
f*g:/o (t—u)sin (u)du = t/o sin(u)du—/ousin(u)du
= —tcosu\f)—/o usin (u) du

t
= —tcost+t—<—ucosu|6+/ cosudu)
0

= —tcost+t+tcost — sint|

= t—sint
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Exercicio 4.5.2.

a) s(slfl)

) i) - eemern

= 1xeét

b);

o {32(32:1)} _ ! {312321+1} — YL £ {sint})

= tx*xsint

_ /Ot(t—u)sin(u)du

= t—sint

cH{c{ayc{e}}

D
L
—
Vo)
o
‘qu
[\
N—
——
Il
D
L
—N
%l
)
V)
| | =
[\
——
|

= (4t) x
t
= / 4(t — u) e*du
0
= M2t —1

d) (52+4§(s+1)

ey - et
£ (L feos(20)} £{e 1)}

= cos(2t) et
t
= / cos (2t — 2u) e “du
0

= *1 2t *2 in 2t — *1 t
+ —sin
5 cos 5 S 5 e

e R
= L7 {L{cost} L{sint}}

= costxsint

t
= / cos (t — u) sin udu
0

®) P

t
= / (cost cosu + sint sin ) sin udu
0

t t
= cost / cosusinudu + sint / sin® udu
0 0
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costsin® u t sint [t
+ / (1 — cos2u) du
2 0 2 Jo
costsin? ¢ n sint [ sin QU} ¢
u J—
2 2 2 0
costsin? ¢ n sint ; sin 2t
2 2 2
costsin®t  sint .
+ (t — sint cost)
2 2
1 tsint
—tsin
2

Calculemos agora algumas transformadas inversas que ficaram para tras

1

® ey

1

(s>+1)°

51{(

/Otsin(t—u)(

2

1

1

L1 {(52

+1)?

)

s2+1)°

1

sint

2

s2+1(s2+ 1)

|

|

sint

tcost

o)

sinu  wucosu

2

1 1
VL -
{s2+132+1}

= L7 Y{L{sint} L {sint}}

= sintxsint

t
= / sin (¢t — ) sin udu
0

t t
= / sin ¢ cos u sin udu — / cos t sin® udu
0 0

sintsin2u|”  cost sin2u’
>
_ sintsin®t B cost (t — sint cost)
2 2
sint(l—coth) tcost sintcos®t
2 2 2
sint tcost

2 2

0

B tcost
2

£t {E{sint}ﬁ{ 5

sint * (

5 )du

1 [t 1 [t
/ sin(t—u)sinudu—z/ ucosusint (t — u) du
0 0
t t
= 2/ (sintcosusinu—costsinQu)du—/ (ucos2usint—ucostcosusinu)du
0 0
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;3 t t
t t 1
Smb o8 / (1 — cos2u) du—/ (ucoszusint—ucostcosusinu) du
4 1) 2 Jy

sin®t  tcost sintcos®’t 1 [? 9 . .
- = (ucos usmtfucostcosusmu) du
0

11 T 2

sint (1 — cos? t) tcost sintcos’t 1 [! 9 . .
= — - = (ucos usmt—ucostcosusmu)du
4 4 2 2 Jo
sint tcost sint cost [* .
= — — wcos? udu + —— U Ccos U sin udu
4 4 2 Jo 0
int t t int t
_ Gmbt teost S / (1 + cos2u) du + % [ wcosusin udu
4 4 4 Jo 0
mas
t t
t
sm/ u 1%—(:082u)du—i—ﬂ u cos usin udu
4 Jo 2 Jo
nt sin 2u K ¢ sin 2u cost [(usin?ul’ 1 [ 9
—lulu+ - U+ du | + — - = sin“ udu
4 0 0 2 2 2 o 2Jo
nt sin 2t u?  cos2u t cost [tsin?t 1 [t
— |ttt — — —_— - = 1 —cos2u)d
)l e
sint 24 tsin 2t t2 n cos2t 1 n cost (tsin®t 1 sin 2u "’
g e _ = i N Py
4 2 4 4 2 2 4 2 0
sin 2 n t sin 2t cos2t 1 cost [tsin®t t n sin 2t
4 2 4 4 2 2 4 8
smt t2+ts tCOSt+cosZt—1 tcostsin?t tcost+sintcoszt
sl in _
4 2 4 4 8 8
sm 2 4y ; ; sint tcostsin®t  tcost n sint cos?t
sintcost — —
2 2 4 8 8
B smt tsin?tcost " sin® ¢ " tcostsin®t  tcost n sint cos? t
N 8 4 8 4 8 8
B t2sint n sin®t  tcost n sint cos? t
8 8 8 8
_ t2sint  tcost n sint
8 8 8
e portanto
1 1 _ sint_tcost_t2sint_tcost+sint
(2+1)7°%) 4 4 8 8 8
t?sint 3t t3 -
= — — —tcost—sin
8 8 8
52
* @)t

i) - i)

el o) o

_ iﬁ‘l (L {tsint} £ {tsint}}
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1
= 1 (tsint) * (tsint)

1 t
= / (t —u)sin (t — u) usinudu
4 Jo

1 t
= 4/ (t—u)(sintcosusinu—costsin2u)du
0

tsint — t? cost
16

4.6. Sistemas de Equacgoes Diferenciais lineares

Exercicio 4.6.1.

1 4 1 2
! t _
, (1 4 1\ Yi =11 +4ys + €t
= &
¥ (1 1)vT)° Yy =1 +y2 + ¢

Aplicando transformadas de Laplace (Y1 = L{y1} e Yo = L{y2}) obtemos o seguinte

sistema
SY1-2 = M+ + (s—1)Yi—4Y; = A+2
SY2_1 = Y1+Y2+i —Y1+(8—1)Y2 = i—}—l
o [oDviom -
Yi+(s-1)Y2 = =
_ 1 1 11
i = 4(s+1) ~ s—1 + 4(s—3)
= Y, — 1 1 11
2 = TReD) AG-D) T 86-3)
_ -1 1 1 11
o n = r {4(s+1) 51t 4(573)}
_ Efl _ 1 o 1 + 11
Y2 = 8(s+1) — 4(s—1) T 8(s-3)
L—t .t 113t
y1 o= gel—et+1le
&
{ Y2 = —%e*t — let 4 U

1 =3 Yi = y1— 3y2
/ 1
= &
’ (2 2 ) Y { Ys = —2y1 + 2y2

Aplicando transformadas de Laplace (Y1 = L{y1} e Yo = L {y2}) obtemos o seguinte

sistema

sY7 = Y -3 - (s—1)Y1+3Ys = 0
sYo—5 = =-2Y7+2Y, 2Y1—|—(8—2)Y2 = 5

Y, — 3 _ 3

o= s+1 354

{Y2 = 1 tsa
_ -1J 3 3
D I s R
no= e

y1 = 3et—2et

< {yz = 27t 4 3t
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) y = (2 _;)y

(o) vo=(3)

(3 =2 t Yl =3y — 2y +1
y = <2 -9 y+ 3et iS4 y§=2y1—2y2+3€t

Aplicando transformadas de Laplace (Y1 = L{y1} e Y2 = L{y2}) obtemos o seguinte

sistema

sY1—2 =
sYo—1 =

3Vi-2Yp+ (s—=3)Yi+2Y, = 142
2Y; — 2V, + b SOyt (s +2)Yy = =
_ 1
o i = _f 3(s+1)+s 1+3(5 2)
Yo = —5-— 3(s+1)+s 1+3(s 2)
- tny = £t i_3(511)+%1+
L) = L s et
o {yl = —1—2_t+3e +22t
yo = —1-— “*t+3e+2

(3 —4 1\ o f vh=3u—dpmte
= =
Y (1 —1) ¥ )¢ Yo =1y —y2 + ¢

Aplicando transformadas de Laplace (Y1 = L{y1} e Y2 = L{y2}) obtemos o seguinte

sistema

sY1—1 = 3V —4Ye + -4

{ sYo—1 = Y1-Yo+ L
- (s=3)Y1+4Y = 5
—Y1 + (S + 1) Y2 = il
PN Y1 4(51 1) + 52 1%8 7 (7 § +721)
Yo = 8(s—1) + 52—25—7 (88 - §)
— _ ,S_}_ﬂ
L 1{}/1} = L 1{_4(3371)—’_32 25— 7}
< —1 —1 1 Is—1
L7y} = L {8(5—1) + ot 238 7
o= i+ gt
< — et Zﬁ—l s—1
y2. = (—1°—8
= —fel+1(Lm 1{}+ 2L {2\/5 })
R e ot 2 D~ (2v3)
_ et 1,1 s—1
b2 = sl {( —1°—(2v2)
- { Y1 %et (e cosh (2\ft) + v/2¢! sinh (Q\ft))
Y2 %t + Zet cosh (2v/2t)
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